Abstract. Let x : M m →M , m ≥ 3, be an isometric immersion of a complete noncompact manifold M in a complete simply-connected manifoldM with sectional curvature satisfying −k 2 ≤ KM ≤ 0, for some constant k. Assume that the immersion has finite total curvature in the sense that the traceless second fundamental form has finite L m -norm. If KM ≡ 0, assume further that the first eigenvalue of the Laplacian of M is bounded from below by a suitable constant. We prove that the space of the L 2 harmonic 1-forms on M has finite dimension. Moreover there exists a constant Λ > 0, explicitly computed, such that if the total curvature is bounded from above by Λ then there is no nontrivial L 2 -harmonic 1-forms on M .
Introduction
In particular, |Φ| ≡ 0 if and only if the immersion x is totally umbilical. We say that the immersion x has finite total curvature if the L m -norm of the traceless second fundamental form is finite (see [4] and references therein), that is,
where dM stands for the volume element of M . Topological and metric properties of complete submanifolds with finite total curvature have been a field of active research, since the work of Gauss. For instance, let M 2 be a complete surface isometrically immersed in an Euclidean space R n with finite total curvature. By celebrated results of Huber [13] , Osserman [22] and ChernOsserman [10] , it is known that if the immersion is minimal then it is proper, M is homeomorphic to a compact surface M punctured at a finitely many points and the Gauss map extends continuously to all points of M. See also the papers of White [27] and Müller-Sverák [19] for the non-minimal case. In higher dimension, 2010 Mathematics Subject Classification. Primary 53C20; Secondary 31C05. The authors were partially supported by CNPq-Brazil.
the description of the topology is more involved and there exist a lot of interesting papers related with this subject (see, for instance, [1] , [8] , [21] , [3] , [6] ).
In the present paper, we are interested in the study of cohomological aspects of noncompact submanifolds with finite total curvature. More specifically, assume that M is a complete noncompact manifold and consider the space of the L 2 -harmonic 1-forms on M It is well known that the space H 1 (M ) is isomorphic to the first-reduced L 2 -cohomology group of M (see section 3.b of [9] ). Moreover, the dimension of 
On the other hand, an important result of Li-Tam (Theorem 2.1 of [17] ) states that the number e(M ) of nonparabolic ends of a complete manifold M satisfies
. In [9] , Theorem 3.5, Carron proved that if M m , m ≥ 3, is a complete noncompact submanifold of R n with finite total curvature and finite total mean curvature (i.e., the L m -norm of the mean curvature vector is finite) then each space of reduced L 2 -cohomology on M has finite dimension. Under same conditions, and using techniques of harmonic function as in [17] , Fu and Xu also proved that H 1 (M ) is finite dimensional (see Theorem 1.1 of [12] ). Since the ends of complete noncompact submanifolds in R n with finite total mean curvature are nonparabolic they actually conclude that M must have finitely many ends.
Our first result is an improvement and a generalization of Carron and Fu-Xu theorems. We recall that a Riemannian manifold is called a Hadamard manifold if it is complete, simply-connected and has nonpositive sectional curvature. 
where r stands for the distance in M from a fixed point. If x has finite total curvature then the space H 1 (M ) has finite dimension.
An interesting result of Anderson [2] shows that, for all m ≥ 3 and κ > m − 2, there exists a complete simply-connected manifold M m κ with sectional curvature satisfying −κ 2 ≤ K ≤ −1 and such that dim
κ is a totally geodesic submanifold ofM we conclude that the hypothesis on the first eigenvalue in Theorem 1.1 is necessary.
In the same paper [9] Carron proved a gap theorem on the dimension of H 1 (M ). More precisely, Carron proved that there exists a constant ε(m) such that if II ≤ ε(m), then all spaces of L 2 -harmonic forms are trivial. In the next result we prove a gap theorem for immersion with small Φ L m (M) . This result is also a generalization of [11] . 
There exists a positive constant
It is a natural question to ask about the best constant Λ in Theorem 1.2. In the next result we present an explicit value for Λ depending on the case. 
(ii) If k = 0 and H is arbitrary then
.
1 Let x : M m →M be an isometric immersion of a complete manifold M in a Hadamard manifoldM . By a simple computation, it shows that for all 1 ≤ p < m the following inequality holds: (v) If k = 0, H is arbitrary and
,
Remark 1. Item (i) was previously obtained by Seo in [23] as an improvement of a a result due to Ni ([20] ). Item (iii) was also obtained by Seo [24] in the case that M is the hyperbolic space H n . Item (iii) and Item (i) are covered by Theorem 3.2 and Corollary 3.12, respectively, in H. P. Fu: Studies on geometry and analysis of submanifolds, Ph. D. dissertation, Zhejiang University, 2007. Note that if k = 0 and
then inf |H| > 0, and hence B is well defined.
As a direct consequence of Theorems 1.2 and 1.3 we obtain the following results:
This paper is organized as follows. In section 2 we obtain a general inequality for 1-forms on M involving the geometry of immersion. In section 3 we use such inequality to prove Theorem 1.2. In section 4 we prove Theorem 1.3. Finally, in section 5 we use again the inequality of section 2 to give a proof of Theorem 1.1.
2. An integral inequality for L 2 -harmonic 1-forms
be an isometric immersion of a complete noncompact manifold M in a Hadamard manifoldM with sectional curvature satisfying −k 2 ≤ KM ≤ 0, for some constant k. In this section, we obtain an integral inequality for L 2 -harmonic 1-forms on M involving the geometry of x. Given ω ∈ H 1 (M ), we recall the refined Kato's inequality (see, for instance, Lemma 3.1 of [26] ):
A direct computation yields
Using the Bochner's Formula [5] (see also Lemma 3.2 of [16] ), we obtain
where ω # is the dual vector field of ω. Under our hypothesis on the sectional curvature ofM we can estimate the Ricci curvature of M by using Proposition 2 of [25] :
Using (2) and (3), we get
Let η ∈ C ∞ 0 (M ) be a smooth function on M with compact support. We multiply both sides of (4) by η 2 and integrate by parts. For the sake of simplicity, henceforth we will omit the element volume in the integrals. So, we obtain
For each a > 0, we apply the Cauchy-Schwarz Inequality in (5) to obtain
On the other hand, since m ≥ 3, we use Holder, Hoffman-Spruck [14] and CauchySchwarz Inequalities to get
≤ Sφ(η)
for all b > 0, where φ(η) = supp(η) |Φ| m 2 m and S = S(m) > 0 is the constant in the Hoffman-Spruck Inequality. Thus, using (6) and (7), we have
where A(m, a) and B(m, a) are given by
We use the Cauchy-Schwarz Inequality again to get
for all c > 0. Using (8) and (10), we obtain the following integral inequality: 
Proof of Theorem 1.2
In this section, we will prove the existence of a positive constant Λ such that if
Now we set 
Using (9) and choosing 0 < c < d and 0 < b < d we get:
Assume that the total curvature of x satisfies Φ L m (M) ≤ Λ. Plugging the above choices in (11) we obtain
We will see later that this inequality is sufficient to prove our result in the case k = 0. In this case, we also note that Λ = Λ(γ) depends only on m. In order to deal in the case k = 0 we need to introduce a new ingredient. We recall that the first eigenvalue λ 1 = λ 1 (M ) of the Laplacian of M satisfies
for all ϕ ∈ C ∞ 0 (M ). Applying (17) with ϕ = η|ω| and once more using CauchySchwarz inequality we get for all e > 0
which implies that
Thus, using (15) and (18), we obtain
Note that
2 ) then we can choose d and e, sufficiently small and depending on m, k 2 , λ 1 and inf |H| 2 , so thatC
for some constantF > 0. In this case (k = 0), the constant Λ depends on m, k 2 , λ 1 and inf |H| 2 .
For each r > 0, let B r denote the geodesic ball of radius r on M centered at some fixed point and let η r ∈ C ∞ 0 (M ) be a smooth function such that
If k = 0 we use (16) with η r to obtain
Taking r → ∞ we get |H||ω| = |∇|ω|| = 0. Thus |ω| is constant. If ω is not identically zero then H = 0. In this case, sinceM is a Hadamard manifold it is well known that M has infinite volume, which is a contradiction, since M |ω| 2 < ∞. If k = 0 then using (20) with η r we get
Taking r → ∞ we have ω = 0 and it finishes the proof. The key of the proof of Theorem 1.2 is the fact that there exists a constant Λ > 0 such that if Φ L m (M) < Λ then one of the inequalities (16) or (20) holds. We also proved that Λ depends only on m in the case k = 0 and Λ depends on m, k 2 , λ 1 and inf |H| in the case k = 0. The goal of the present section is to give explicit estimates to Λ.
Using (9) and (14) Note that the function f 1 : (0, ∞) → R is increasing and sup
and take Λ > 0 so that Φ L m (M) < Λ < Λ 1 . Since SΛ 2 < sup f 1 and φ(η) < Λ 2 , there exists a 1 = a 1 (m, Λ) > 0 such that, for any a > a 1 , there exist b > 0 and c > 0, sufficiently small, satisfying C >C > 0 (see (12) and (14)). Thus, if k = 0 and H = 0, we obtain from (11) that inequality (16) (m−1) 2 . Thus, the maximum value Λ 2 > 0 that satisfiesC > 0 and D > 0, for any 0 < Λ < Λ 2 , and for some a > 0, b > 0 and c > 0, is obtained in the intersection point a 12 of the graphs of f 1 and f 2 . Namely,
Hence we set 
The function f 3 : (0, ∞) → R is increasing and sup
Since SΛ 2 < sup f 3 < SΛ 
By a simple computation, we can rewrite f 4 by the following ways:
Using (24) we obtain that f 4 intersects f 1 if and only if inf
In this case, the intersection point of f 1 and f 4 is
Using that f 1 < f 2 in (0, a 12 ), we obtain from (25) that f 4 < f 2 in (0, a 12 ). Thus, the maximum value Λ 4 > 0 such thatC > 0,D > 0 andC λ1 1+e −(m−1)k 2 +D inf |H| 2 > 0, for all 0 < Λ < Λ 4 and for some a > 0, b > 0, c > 0 and e > 0 is obtained considering
Thus, assume that inf
for some e > 0, b > 0 and c > 0, sufficiently small. This implies that the inequality (20) holds. Item (iv) is proved. Now, assume that inf
This implies that f 4 < f 1 , since f 4 does not intersect f 1 and lim a→∞ f 4 (a) < lim a→∞ f 1 (a). Using (25) we obtain that f 4 intersects f 2 if and only if λ 1 > 0. In this case, the intersection point of f 4 and f 2 is
Note also that f 2 (a) > 0 if and only if 0 < a < To finish the proof of Theorem 1.3 we assume that k = 0, inf
This implies that f 4 < f 1 and f 4 < f 2 . Furthermore, it holds that inf |H| > 0, since 
, then, using similar arguments to the previous case and taking a = a 4 , we obtain suitable positive constants b, c and e such that C >C > 0, D >D > 0 and for some constantÃ =Ã(m) > 0, for all ω ∈ H 1 (M ). ¿From now on, the proof follows standard technics (for instance, [18] after equation 2.7, or [12] after equation (18) , or [7] after equation 3.14) and uses a Moser iteration argument and Lemma 11 of [15] . We include the proof here for the sake of completeness.
Take r > r 0 +1 and let η be a smooth function satisfying the following conditions: Taking r → ∞ and using that |ω| ∈ L 2 (M ) we have Fix x ∈ M and take ζ ∈ C 1 0 (B 1 (x)). Multiplying both sides of (36) by ζ 2 |ω| p−2 , with p ≥ 2, and integrating by parts we obtain 
